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Abstract. The Self-Consistent RPA (SCRPA) approach is elaborated for cases with a continuously broken
symmetry, this being the main focus of the present article. Correlations beyond standard RPA are summed
up correcting for the quasi-boson approximation in standard RPA. Desirable properties of standard RPA
such as fulﬁllment of energy weighted sum rule and appearance of Goldstone (zero) modes are kept. We
show theoretically and, for a model case, numerically that, indeed, SCRPA maintains all properties of
standard RPA for practically all situations of spontaneously broken symmetries. A simpler approximate
form of SCRPA, the so-called renormalised RPA, also has these properties. The SCRPA equations are ﬁrst
outlined as an eigenvalue problem, but it is also shown how an equivalent many body Green’s function
approach can be formulated.

1 Introduction
The present trend in many body physics mostly goes in
the direction of a direct numerical treatment of the problem at hand. As examples, one could cite Quantum Monte
Carlo (QMC) [1,2] and Density Matrix Renormalisation
Group (DMRG) techniques [3–5] which are very successfull. On the other hand it may also be interesting to make
advances in many body theory proper. We will try to
do this in this work employing the equation of motion
(EOM) technique (see e.g. [6]). We think that this formalism has not been exploited to its full power in the
past. For example, as is well known, the fulﬁllment of
sum-rules and appearance of Goldstone modes in systems
with spontaneously broken symmetries are corner stones
of any valuable many body theory. We will dwell on this
speciﬁc aspect in this work. Unfortunately, going beyond
basic approaches like Hartree-Fock (HF)-RPA and/or
BCS-QRPA (quasi-particle RPA)1 , it becomes immedia

e-mail: delion@theory.nipne.ro
We want to clarify a semantic point: in our nomenclature
RPA stands for RPA including the ladder (Coulomb) diagrams.
In the condensed matter literature, this is sometimes called
RPAC. However, in other ﬁelds, like nuclear physics or physical chemistry, RPA stands for linearised time-dependent HF.
1

ately a non-trivial problem to satisfy those properties.
There exists the approach of Φ derivable functionals
promoted by Baym and Kadanoﬀ [7–9]. However, it is
mostly very diﬃcult to implement this numerically beyond HF-RPA (BCS-QRPA), the lowest order approach,
because this technique involves in general vertices which
depend on more than one energy and, thus, the equations will not only be integral equations in coordinate or
momentum spaces but in addition one will have to deal
with integrals in energy space what renders most of the
problems very complicated. In this work, we want to advocate a diﬀerent route where we extend the standard
HF-RPA (BCS-QRPA) approach including higher correlations without destroying the aforementioned desirable
properties. As mentioned, our approach is based on the
equation of motion method and leads to a self-consistent
version of RPA (SCRPA) which largely overcomes a well
known defect of standard RPA, the quasi-boson approximation. There is one point where this defect is easy to
trace: RPA, besides excitations, also describes correlations in the ground state. However, fermion occupation
Since our extension of RPA(C), the SCRPA, has in the past
been used in condensed matter and nuclear theory including
ladders, we will keep the names RPA and SCRPA including
the Coulomb diagrams.
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numbers used in RPA are the uncorrelated ones, a clear
contradiction which is due to the neglect of the Pauli
principle. The SCRPA cures this point in using correlated occupation numbers which couple back to the RPA.
Additional Pauli corrections as vertex screening are also
included. We will show applications to various exactly
solvable models and demonstrate the strong improvement
of SCRPA over standard RPA. We will treat Fermi systems but we think that the approach can be applied to
Bose systems as well.
The paper is organized as follows. In Section 2 we give
a short outline of SCRPA. A very simplifying approximation thereof, the renormalised RPA (r-RPA) is presented
in Section 3. In Section 4 the Goldstone mode is analyzed
and in Section 5 it is shown that the energy weighted
sum-rule is fulﬁlled within SCRPA. In Section 6, we apply SCRPA to the Hubbard and pairing models and we
demonstrate numerically with a three level model that,
indeed, the Goldstone (zero) mode appears. In Section 7,
we show how SCRPA can equivalently be formulated with
many body Green’s functions. In the last section we draw
our conclusions.

where Eμ and E0 are supposed to be exact eigenvalues of
the Hamiltonian H corresponding to the eigenstates |0
and |μ. Therefore Ων can be considered as some average
excitation energy and it is this quantity which we want to
minimise. As we will see, the summation in equation (2)
must exclude the diagonal terms with indices α = β. In
addition, we want the states |ν to be normalised. Accordingly we write for equation (2) more explicitly


ν
ν
Xαβ
(5)
δQ†αβ − Yαβ
δQαβ ,
Q†ν =
α>β

where

Aαβ
δQ†αβ = 
, Aαβ ≡ a†α aβ
Mαβ

(6)

are the normalised pair creation operators with

2 Self-consistent random phase
approximation (SCRPA)
As mentioned, our theory will be based on the equation
of motion (EOM) approach. We will be rather short with
the presentation of the formalism, since it has been exposed several times before [6,10–15]. For ﬁnite systems
with discrete levels, the EOM mostly is applied so that an
eigenvalue problem results. We will follow ﬁrst this route
but later also outline the equivalent Green’s function approach which is mostly applied in condensed matter for
inﬁnite homogeneous systems. Then for ﬁnite systems, if
we want to stay within RPA, one may make the following
ansatz for an excited state of the system [6]
|ν = Q̃†ν |0,

HF (TDHF) equations, see, e.g., [16]. Here, we want to go
a slightly diﬀerent way. Let us consider the normalised
energy weighted sum rule

2
1 0|[Q̃ν , [H, Q̃†ν ]]|0
μ (Eμ − E0 )0|Q̃ν |μ|
=
,
Ων =

2
2 0|[Q̃ν , Q̃†ν ]|0
μ 0|Q̃ν |μ|
(4)

(1)

where in general Q̃†ν = |ν0| is a complicated many
body operator, |0 and |ν being exact ground and excited states of the system, respectively. To lowest order,
we may consider the one body operator

Q̃†ν =
χ̃ναβ a†α aβ ,
(2)

α|M̂ |β ≡ Mαβ = nβ − nα ,

(7)

nα = 0|a†α aα |0,

(8)

where

are the single particle occupation numbers. With this
choice and with ν|ν = 0|[Qν , Q†ν ]|0, one immediately
veriﬁes that with


ν 2
ν 2
| − |Yαβ
| = 1,
|Xαβ
(9)
α>β

the excited states |ν are normalised under the assumption that we work in the canonical basis where the single particle density matrix only has diagonal elements,
that is ραβ = 0|a†β aα |0 = nα δαβ . From (7) and (6),
we see that the conﬁguration α = β must be excluded
in equation (5).
With these deﬁnitions, we obtain from the minimisation of the sum rule (4) the following eigenvalue equation

  ν

  ν
A B
X
1 0
X
= Ων
,
(10)
B ∗ A∗
Yν
Yν
0 −1

αβ

where a†α , aβ are single particle creation and annihilation operators in a general basis but which, to ﬁx the
ideas, may be chosen to correspond to a diagonalisation
of the single particle density matrix, the so-called canonical basis. In EOM, one also always supposes that there
exists a ground state which is the vacuum to the destructors Q̃ν , i.e.,
Q̃ν |0 = 0.
(3)
There are many ways to derive standard HF-RPA. One of
the best known is the linearisation of the Time Dependent

where

and




Aαβα β  = 0| δQαβ , H, δQ†α β  |0,

(11)

Bαβα β  = −0| [δQαβ , [H, δQα β  ]] |0.

(12)

For the following it is useful to introduce the quantities






A B
1 0
X Y∗
S=
, X =
, N0 =
.
Y X∗
B ∗ A∗
0 −1
(13)
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We realise that (10) has exactly the same mathematical
structure as standard RPA [16]. For instance, we see that
the eigen vectors χν with components X ν and Y ν form a
complete orthonormal set.
Equation (10) can then be written in a more compact
form as
(14)
SX = N0 X Ω,
where Ω is a diagonal matrix with real eigenvalues
Ων , −Ων , if S is positive deﬁnite. The closure relation is:

ν
ν
(Xαβ
Xαν  β  − Yαβ
Yαν β  ) = δαα δββ  .
(15)

Minimising the ground state energy with respect to
the basis, let us ﬁrst write the Hamiltonian in our general single particle basis with greek indices more explicitly.
Supposing that the Hamiltonian is originally given in the
basis of plane waves which are written in the sought for

∗
a†α where k includes momenta, spin,
basis as c†k = α Rα,k
and isospin, the Hamiltonian with two body interactions
in the new basis reads:
H=


kαβ

ν

The orthonormality relations allow us to invert the
operator (5). For α > β we have


ν∗ †
ν∗
Xαβ
Qν + Yαβ
Qν
a†α aβ = Mαβ
ν

a†β aα =



ν
ν
Xαβ
Mαβ
Qν + Yαβ
Q†ν .

(16)

ν

With (3), it then follows that the density matrix
0|a†α aβ |0 only has diagonal elements, as it was
introduced already after (9).
It can immediately be veriﬁed that, if all expectation values in (10) are evaluated with the HF ground
state, then the standard RPA equations [16] are recovered
ν
ν
with, in particular, only Xph
and Yph
amplitudes surviving
where the indices p(h) stand for “particle (hole)”, i.e., indices above (below) the Fermi energy. Equations (10) are,
however, much more general and it is obvious that, if the
expectation values in equations (10) are evaluated with
the RPA ground state obeying (3), then the matrices A
and B will depend in a complicated nonlinear way on the
amplitudes X and Y . This we will call the Self-Consistent
RPA (SCRPA).
Before we come to the explicit evaluation of the matrix elements A, B in equation (10) and to the discussion of spontaneously broken symmetries together with
sum-rules, Goldstone modes, etc., we ﬁrst shall deal with
the so far open but very important question of the optimal single particle basis. As usual, we will obtain this
from the minimisation of the ground state energy with
respect to the basis. We will show that this minimisation is equivalent to the following additional equation
of motion
0|[H, Q†ν ]|0 = 0|[H, Qν ]|0 = 0,

+

1
∗
∗
Rβ,k
Rγ,k3 Rδ,k4 a†α a†β aδ aγ ,
v̄k1 k2 k3 k4 Rα,k
1
2
4
(19)

with ek = k 2 /(2m) the kinetic energy and v̄k1 k2 k3 k4 the
antisymmetrised matrix element of the two body interaction. The corresponding variational equation are obtained
from




∂
∗
E
R
R
0|H|0
−
= 0,
β
β,k β,k
∗
∂Rα,k

(20)





∂
∗
Eβ
Rβ,k Rβ,k = 0,
0|H|0 −
∂Rα,k

(21)

β

k

β

k

where, as usual, we ensured with Lagrange multipliers that
the transformation is unitary. For the common situation
where the transformation is real, this yields the following
eigenvalue problem


Hkk Rα,k = Eα Rα,k ,

(22)

k

with
Hk1 k2 = hMF
k1 k2 +

1 
v̄k1 k3 k4 k5 Ck4 k5 k2 k3 ,
2

(23)

k3 k4 k5

and the mean ﬁeld (MF) Hamiltonian given by:
hMF
kk = ek δkk +



v̄kk1 k k2 ρk2 k1 .

(24)

k1 k2

(17)

which obviously is correct if |0 is an eigenstate of H.
Because there are as many operators Q†ν , Qν as there are
components a†α aβ , a†β aα , we also can write for (17)
0|[H, a†α aβ ]|0 = 0|[H, a†β aα ]|0 = 0,

∗
ek Rα,k
Rβ,k a†α aβ

(18)

where we again recall our convention α > β. Equations (18) are of the one body type and one can directly
verify that with a Slater determinant as ground state, they
reduce to the HF equations.

The single and two particle density matrices corresponding to the operators ρ̂ and Ĉ, respectively, are
ρk1 k2 = 0|a†k2 ak1 |0
Ck1 k2 k3 k4 = 0|a†k1 a†k2 ak4 ak3 |0
− (ρk1 k3 ρk2 k4 − ρk1 k4 ρk2 k3 ).

(25)

It is now easy to show that (18) and (22) are equivalent.
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Supposing that we work in this optimised single particle basis with greek indices, we obtain for the SCRPA
matrix in (14) [17]


S˜αα ,ββ  = Mαα (eαβ δα β  − eα β  δαβ ) Mββ 
1 
+ δα β 
v̄αγγ  γ  Cγ  γ  γβ
2  
γγ γ

1 
− δαβ
v̄γγ  α γ  Cβ  γ  γγ 
2  
γγ γ

+ Mαα v̄αβ  α β Mββ 

+
(v̄αγβγ  Cβ  γ  α γ + v̄β  γα γ  Cαγ  βγ )
γγ 

−

1
(v̄αβ  γγ  Cγγ  α β + v̄γγ  α β Cαβ  γγ  ), (26)
2 
γγ

where we introduced the non-diagonal kinetic energies eαβ
and S̃ = M̂ 1/2 S M̂ 1/2 and supposed that the single particle density matrix is also diagonal, as stated after (16). It
seems, however, clear that density matrix and single particle Hamiltonian (24) cannot be diagonal simultaneously.
This contradiction stems from the fact that the killing condition (3) cannot be satisﬁed exactly. With (5) it is only
satisﬁed to good approximation choosing, e.g., the ground
state wave function to be the one of Coupled Cluster Theory (CCT) at SUB2 level, as this is discussed in detail in
reference [18].
In order to establish selfconsistency, we must express
the matrices of M̂ and Ĉ by the amplitudes X, Y . To this
end, we write:
δαβ  δβα nβ (1 − nα ) + Cαβα β  = a†α aα a†β  aβ ,

(27)

with abreviation . . . = 0| . . . |0. With (16) and the
killing condition (3), we can express this correlation function for α = α and β = β  by X and Y together with
single particle occupation numbers nα .
Concerning the s.p. occupation numbers, we refer to
expressions derived earlier in the literature employing the
so-called number operator method, see e.g., [13,14]. We
also have derived these expressions from the Coupled Cluster (CC) wave function at level SUB2 [18]. In model cases
it has been shown that this wave function fulﬁlls the killing
relation (3) to very good accuracy [12] as was mentioned
already above. The equations read
1
1 +
ν 2
nh = 1 −
Mph |Yph
| =1−
a ah a+
h ap , (28)
2 p,ν
2 p p
1
1 +
ν 2
np =
Mph |Yph
| =
ap ah a+
(29)
h ap ,
2
2
h,ν

h

or
Mph = 1 −

1
1
ν 2
ν 2
Mph |Yph
| −
Mph |Yph
| .
2 p,ν
2

(30)

h,ν

Let us remind that p(h) stand for greek indices above
(below) the Fermi surface.

The correlation functions a†α aα a†β aβ  need extra care.
If α = β, there is no problem since the expression reduces to a single particle occupation number which we
just treated above. In the case α = β, we can write (please
be aware that all greek quantum numbers represent just
a single quantum state)
a†α aα a†β aβ  = nα − a†α aβ a†β aα ,

α = β.

(31)

Again, we can now express the two body correlation function in (31) by the X, Y amplitudes and all single and two
body density matrices can be fully included in a selfconsistent solution of the SCRPA equations (10).
The eﬃciency of the method has been demonstrated
in several earlier publications [10–15]. Examples will be
given below including one with a broken symmetry with
the appearence of a Goldstone (zero) mode which is the
main subject of this paper.

3 Renormalised RPA
A very much simpliﬁed version of SCRPA consists in
the so-called renormalised RPA (r-RPA). It simply is obtained in discarding in (26) and (27) the two-body correlations Ĉ, keeping, however, the correlated occupation
numbers (28)−(30).
(r)
Hk1 k2 = hkMF
1 k2

(32)

(r)

S̃αα ,ββ  = (Eα − Eα )Mαα δαβ δα β 
+ Mαα v̄αβ  α β Mββ  .

(33)

Since the correlated occupation numbers are rounded near
the Fermi surface, we again can consider an RPA operator with all conﬁgurations besides diagonal generators.
This feature preserves the property of fulﬁllment of sum
rule and appearance of Goldstone (zero) modes to be discussed below. In a way, r-RPA is the most direct extension
of standard RPA: we know that standard RPA accounts
for correlations. However, as already mentioned, the RPA
equations are set up, e.g., with uncorrelated occupation
numbers. In r-RPA this contradiction is lifted. The performance of r-RPA is somewhat between standard and
SCRPA [10,12–14].

4 Goldstone modes
It is well-established that the standard HF-RPA (BCSQRPA) approach exhibits a Goldstone (zero) mode if the
HF solution corresponds to a continuously broken symmetry. For ﬁnite systems, with discrete quantum numbers,
one mostly talks about a zero or spurious mode. For example, for nuclei and other selfbound Fermi systems like
3He droplets, HF always breaks translational invariance
and the corresponding RPA shows a zero mode [16,19,20]
which corresponds to a coherent displacement of the whole
system. In trapped cold atom gases the corresponding
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mode is the Kohn mode where the atom cloud oscillates coherently in an external harmonic trapping potential [21,22]. Within BCS-QRPA, one obtains in inﬁnite
matter because of broken particle number U (1) symmetry a Goldstone mode, the so-called Bogoliubov-Anderson
mode [23–26]. Also in ﬁnite superﬂuid systems, like many
superﬂuid nuclei, zero modes appear [27,28].
As mentioned, these Goldstone (zero) modes reﬂect
basic principles of quantum mechanics and it is very important not to destroy this property in theories which go
beyond the HF-RPA scheme. In this respect, what is the
situation with the SCRPA approach outlined above? As
we see from (4), the crucial point is that the Q† operator
can represent the symmetry operator (let us call it P̂ ) in
question as a particular solution of SCRPA equations and
that the relation [H, P̂ ] = 0 is not destroyed in the course
of applying the formalism. In standard RPA, only the ph
and hp components of the symmetry operator enter the
equations. One can ask the question why the zero mode
appears nonetheless. The answer comes from the fact that
even if one included the pp and hh matrix elements of P̂
into the RPA, these elements become, in the HF basis,
completely decoupled from the rest of the RPA equations.
Therefore, in standard RPA, it is as if the totality of the
symmetry operator was included and, thus, the Goldstone
mode is present nonetheless. In SCRPA all components
of the symmetry operator, besides the diagonal ones, are
present and they all play a role [29]. Therefore, one may
think that if P̂αα = 0, then in any case the Goldstone
mode will come in the solution. In this respect, we must remember that SCRPA joins HF-RPA in the weak coupling
limit. Therefore, the inclusion of the generalised mean ﬁeld
(MF) equation (22) must also be assured for the appearance of a zero mode. In analogy to the HF-RPA scheme,
one may talk of the MF-SCRPA scheme to imply a zero
mode in the broken symmetry case [29]. In the next section, we will demonstrate explicitly the appearance of the
Goldstone mode with an application to a model case.
All this holds true under the condition that P̂αα = 0.
Many symmetry operators have this property. This is the
case for the linear momentum because of its odd parity.
So the zero mode corresponding to translational motion
will come in selfbound systems like nuclei or 3He droplets.
Equally the above mentioned Kohn mode in trapped cold
atom systems. Some systems may be deformed and then
rotational symmetry is broken. The angular momentum
operator has no diagonal elements either because it is not
time-reversal invariant.
More subtle is the question of pairing which is one of
the broken symmetries often encountered in Fermi systems. Indeed, in this case, the 
symmetry operator is the
particle number operator N̂ = α a†α aα . In quasiparticle
representation a†α = uα qα† − vα q−α this becomes
N̂ =


†
vα2 + u2α qα† qα − vα2 q−α
q−α
α


†
−uα vα (qα† q−α
+ q−α qα ) ,

(34)

which contains a Hermitian diagonal piece which cannot
be included into the (quasi-particle) RPA operator Q† as
we discussed already above. In this case the standard BCSQRPA scheme [16], analogous to HF-RPA in the nonsuperﬂuid case, shows, as well known [27,28], a zero mode
because the so-called scattering terms (q † q) drop out of
the QRPA equations. However, with the Self-Consistent
QRPA (SCQRPA) this is not the case and in general the
zero mode will be absent. As it turns out, this is only a
problem for ﬁnite systems. For homogeneous inﬁnite matter we have as QRPA operator
 q †
Q†q =
Xk qq−k qk† − Ykq qq−k qk
k>0

(−)q †
q−k qq−k

†
+Z (+)q qq+k
qk − Zk



,

(35)

where q is the c.o.m. momentum of the pair excitation (we
suppressed spin indices). So, as long as q is not strictly
zero, we can include the scattering terms and one will
approach the zero mode in the limit as q → 0. One realises
that in ﬁnite systems with discrete levels, the zero mode
is absent in MF-SCQRPA and one will have to extend
the theory. This can be done in including to the QRPA
operator, besides the one body sector, the two body sector
what will allow the inclusion of diagonal Hermitian one
body pieces in the QRPA operator and the zero mode
is saved. Some works on including the two-body sector
can be found, e.g., in reference [30] and references therein.
However, it shall not be the task of this work to enter
into the more complicated structure of this approach. It
may be investigated in future work. For the moment, let
us be satisﬁed that the Bogoliubov-Anderson mode [23,24]
appears in the inﬁnite matter case.
Another particular case occurs, if we write the RPA
operator with collective ph operators as this may be intuitively the case when s.p. states are degenerate and which
often reduces the dimension of the SCRPA equations drastically. The price to be paid are some extra complications
with certain two body correlation functions as we will discuss with the application to a model just below. However,
in general, the so-called m-scheme where one considers
quantum state by quantum state is preferable because the
complications with the evaluation of the density matrices
are absent. For example with the ansatz (35) the latter is
the case.

5 Sum-rules
We show that the energy weighted sum rule, given by the
following identity

1
(36)
(Eν − E0 )|ν|F |0|2 = 0|[F, [H, F ]]|0
2
ν
is fulﬁlled within SCRPA. Here |ν is a complete set of
eigenstates and F is a one body operator

F =
fαβ Aαβ
(37)
αβ
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where Aαβ is deﬁned in equation (6). One can show that
the identity (36) is automatically fulﬁlled if one considers
that |ν is the set of SCRPA or r-RPA eigenstates. By using the inverse transformation of the basis operators Aαβ
one obtains

(Eν − E0 )|ν|F |0|2
ν

=



2

(Eν − E0 )|0|[Qν , F ]|0|

ν

=



(Eν − E0 )|

ν



1/2
ν
fαβ Mαβ (Xαβ

where h and p are momenta below and above the Fermi
momentum, respectively, so that bk,σ |HF = 0 for all k
where |HF is the Hartree-Fock ground state in the plane
wave basis. Introducing the operators
ñk,σ = b†k,σ bk,σ ,
−
Jph,σ

= bh,σ bp,σ ,

(43)
+
Jph,σ

=

−
(Jph,σ
)†

(44)

we write for the RPA operator
ν
+ Yαβ
)|2 . (38)

αβ

Q+
q,ν =



+
−
ν
ν
X̄ph,σ
.
Jph,σ
− Ȳph,−σ
Jph,−σ

(45)

ph,σ

Using the general system of RPA equations with excitation
energy Ων = Eν − E0 one gets the following identity


(Eν − E0 )|ν|F |0|2

ν

=




1/2

fαβ Mαβ

αβ

1/2

fγδ Mγδ (Aαβ,γδ − Bαβ,γδ ). (39)

γδ

On the other hand by splitting the summations into α > β
and α < β parts and using the deﬁnitions of the RPA matrices one obtains that the right-hand side of equation (39)
has the same form
1
0|[F, [H, F ]]|0
2

1
=
fαβ fγδ 0|[Aαβ , [H, Aγδ ]]|0. (40)
2
αβ

γδ

We would like to emphasise that this sum rule also remains
fulﬁlled in the case of broken symmetry, in spite of the
fact that for a zero energy eigenstate the amplitudes X, Y
diverge.

6 Applications to models
6.1 The Hubbard model
We shortly want to outline how our formalism works in the
Hubbard model and present some results. In momentum
space, the Hamiltonian is given by (see, e.g., [31])

( k − μ)n̂k,σ
H=
k,σ

+

U
2N


k,p,q,σ

a†k,σ ak+q,σ a†p,−σ ap−q,−σ

(41)

where n̂k,σ = a†k,σ ak,σ is the occupation number operator and the single particle energies are given by k =
D
−2t d=1 cos(kd ) with the lattice spacing set to unity. It
is convenient to transform the fermion creation and annihilation operators a† , a to HF quasi-particle operators.
In 1D, we have
ah,σ = b†h,σ ,

ap,σ = bp,σ

(42)

With our equations (28) and (29) for the evaluation of the
occupation numbers, we also verify straightforwardly that
npσ  = ñpσ  =


+
−
Jphσ
Jphσ

h


ν
(1 − Mphσ )|Yphσ
|2 ,
=
h,ν

nhσ  = 1 − ñhσ  = 1 −



+
−
Jphσ
Jphσ


p


ν
(1 − Mphσ )|Yphσ
|2
=1−

(46)

p,ν

where Mphσ  = ñhσ  + ñpσ , and more complicated
expressions for the quadratic terms. Those expressions are
the same as derived in our earlier publication [31].
The Hubbard molecule. In the Hubbard model, the results are again quite promising. For example the half ﬁlled
2-sites problem, the so-called Hubbard molecule, is solved
exactly. This is not a totally trivial result. For example the
well-known GW approximation fails in this respect [31].
The half-filled 6-sites chain. We show in Figure 1,
for a choice, the excitation spectrum for the momentum
transfer |q| = π. The abreviations ‘ch’ and ‘sp’ stand for
‘charge’, i.e. spin S = 0 and for ‘spin’, that is S, M = 1, 0
excitations, respectively. The results for |q| = 2π/3, π/3
are of similar quality [31]. In Figure 2, we show the ground
state energy. There is good agreement with the exact solution and it presents a maximum error of about 0.8 percent
at U/t = 3.5. In that ﬁgure, we also display the results of
HF and standard RPA. We can appreciate the gain in
precision with SCRPA.
In Figures 3 and 4, we show the occupation numbers,
see equation (46). We see that with SCRPA they compare
very well with the exact values and are very much improved over the corresponding values from standard RPA
(s-RPA). It is worth mentioning that particle number is
conserved, i.e., what is depleted below the Fermi surface
is exactly replaced by non-zero values above the Fermi
surface. In the macroscopic limit, this implies that the
Luttinger theorem (see, e.g., [32]) is respected. Let us also
mention that the 1D Hubbard model has been solved with
renormalised RPA in the inﬁnite system limit with interesting results particularly in the strong coupling limit [33].
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Fig. 1. Excitation spectrum for the transfer |q| = π as a function of U/t of the 6-sites half-ﬁlled Hubbard chain. ‘sp’ and
‘ch’ stand for spin and charge response, respectively.

Fig. 3. Particle occupation numbers for momenta k = π/3 and
k = −π in SCRPA and standard RPA (s-RPA) for the 6-sites
half ﬁlled Hubbard chain as a function of U/t.
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Fig. 4. Same as Figure 3 but for hole occupations.
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Fig. 2. Ground state energy as a function of U/t for the 6sites half-ﬁlled Hubbard chain with SCRPA, standard RPA,
HF, and exact solution.

6.2 Pairing model

with Ni = a†i+ ai+ +a†i− ai− and Pi† = a†i+ a†i− . It is seen that
the pair operators are the ones which enter the Bogoliubov
transformation of fermion pairs in the pp-SCRPA


X̄pα Pp+ +
Ȳhα Ph+
Q+
(49)
α =
p

The pairing or picket fence model (PFM) is the only one
where in the past the SCRPA scheme could be applied for
the ﬁrst time without any approximation and without the
explicit knowledge of the vacuum [12]. This stemmed from
the fact that in this particular model with the Hamiltonian
H=


i

εi Ni + V



Pi+ Pk

(47)

ik

and N two fold degenerate equidistant levels labeled with
the index ‘i’, the occupation number operators can exactly
be expressed by the product of two fermion pair operators,
that is:
Ni = 2Pi† Pi
(48)

h

and, therefore, with (3) it was possible in reference [12] to
calculate Ni  and Ni Nj  completely selfconsistently and
without the use of any procedures external to the SCRPA
ones. We also remark that the evaluation of Ni Nj  necessitates the knowledge of four particle correlation functions
what makes the approach rather heavy. However, factorisation Ni Nj  ∼ Ni Nj  turned out to work quite well,
thus strongly simplifying the expressions [34].
In Figures 5 and 6, we show results obtained with this
factorised approximation for the ﬁrst excitation energy
with N = 10 particles and the correlation energy, respectively, as a function of the pairing coupling strength G.
The exact results were obtained from the equations established by Richardson almost half a century ago [35].
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discuss it here again. In standard RPA the excitation
energy is given by:
√
E ∝ 1−G
whereas in SCRPA the result is:
√
E ∝ 1 + G.

Fig. 5. First excited state in SCppRPA for N = 10 as a function of the pairing coupling strength G. The strong improvement over standard ppRPA should be observed. The exact
result is presented by the full line.

The latter coincides, as already mentioned, with the exact result. The RPA result shows the usual BCS instability
at G = 1. With SCRPA the vertex renormalisation from
the self consistency, i.e. screening, has eﬀectively turned
the sign of G around and with screening the eﬀective interaction is now repulsive! This stems from the fact that
for N = 2 the constraint from the Pauli principle is, as
one easily realises, of maximum importance. It is testiﬁed
again with this example that the Pauli principle is very
well respected with SCRPA.
Let us also mention that the SCRPA scheme has
been generalised to ﬁnite temperatures using an equivalent Green’s function formalism in an application to the
PFM in reference [15] with the same quality of results as
at zero temperature. In particular it could be shown that
also in the PFM, there opens a pseudo gap in the level
density approaching the critical temperature from above.
6.3 Goldstone mode within a 3-level spin model
and SCRPA

Fig. 6. Correlation energy for 10 particles from SCppRPA
compared with the exact result as function of coupling.

Commenting on the SCRPA results, we see that they
are very much improved over standard ppRPA, [16]. On
the other hand, we also see from the sum
 rule relation
given in reference [12], equation (69), i.e. pp Np Np  =

ph (2 − Nh )Np  and Tables VII and XI in reference [12]
that the Pauli principle, is still slightly violated, of the
order of 4−5 percent, what stems from the fact that the
killing condition (3) is not exactly fulﬁlled. Let us mention
that SCRPA was solved in references [12,34] among others
for the case of 100 levels where it is even diﬃcult to solve
the problem with the Richardson equations. A very instructive example is the N = 2, i.e., the single Cooper pair
case. Though already presented in reference [12], let us

The SCRPA scheme is a selfconsistent in-medium two
body equation of the Schrödinger type. We think it is
amenable for numerical solution for realistic systems.
However, this needs major investments and this is not
available at this moment. We, therefore, have chosen a
simpliﬁed model to demonstrate numerically the fulﬁllment of the Goldstone mode. We have chosen the three
level Lipkin model which also can be seen as a three sites
spin model, corresponding to a SU(3) algebra [36]. This
model has been used in order to test diﬀerent many body
approximations [37,38]. We also have treated it already in
reference [10] with results of similar quality as in the two
preceding models of Sections 6.1 and 6.2. Here we want
to dwell speciﬁcally on the zero mode. It is so far the
only model where the appearance of the Goldstone (zero)
mode has been demonstrated in a numerical application
with SCRPA.
By labeling the levels with 0, 1, 2, we consider the
following Hamiltonian written in some ‘original’ basis
H=

2


k Skk −

k=0

where

0

= 0;

2
V 
(Sk0 Sk0 + S0k S0k ),
2

(50)

k=1

1

= 1;

2

= 1 + Δ and

Skk =

N


a†kμ ak μ .

(51)

μ=1

We suppose that the three levels have equal degeneracy N
and that in the non-interacting case the lowest level is full
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so that N corresponds also to the particle number. The
operators (51) satisfy simple commutation relations
[Sk1 k2 , Sk3 k4 ] = δk2 k3 Sk1 k4 − δk1 k4 Sk3 k2 .

(52)

Standard HF-RPA shows a zero mode in the so-called
deformed region where HF in the original basis is unstable and when the two upper level become degenerate
(Δ = 0). This because the Hamiltonian commutes with
the ‘angular momentum’ operator L̂0 = i(S21 − S12 ). According to reference [36], the transformation matrix to the
deformed basis in equation (19) can be written as follows:
⎛
⎞
cos φ sin φ 0
†
Rαk
= ⎝− sin φ cos φ 0⎠ .
(53)
0
0 1
This means that we only have the single parameter φ to
be varied to obtain the ‘deformed’ solution. First, let us
write down the RPA operator in the deformed basis
ν
ν
ν
Q†ν = X10
A10 + X20
A20 + X21
A21
ν
ν
ν
− Y10 A01 − Y20 A02 − Y21
A12 ,

(54)

where the A operators correspond to the S ones of equation (51) but in the deformed basis.
We also write the Hamiltonian in the deformed basis and then construct the SCRPA equations from the
double commutator relations (11) and (12). While solving the SCRPA equations we have to minimise the ground
state energy with respect to φ in order to fulﬁll the generalised mean ﬁeld equation (18). The latter can be calculated as a function of X, Y, φ in expressing its expectation
values from the inversion of equation (54) and then using (3). Our procedure works with collective generators
what seems natural in this model, since we can suppose
that the non-collective states decouple to a large extent
from the rest of states. Working with the individual quantum states (m-scheme) would considerably complicate the
solution of the model with the SCRPA scheme. Employing the collective operators has, however, the disadvantage
that expectation values of products of diagonal operators
as A00 , A00 A22 , etc. cannot directly be expressed with
the X, Y amplitudes. We, therefore, in reference [10] found
expressions via the unitary operator method what yields


nα ≈ yαα + y11 y22 /N

−1
× 1 + 2(y11 + y22 )/N + 3y11 y22 /N 2
α = 1, 2,
(55)
 ν ν
where yαβ = ν Yα0 Yβ0 . Here, evidently n0 = N −n1 −n2
and nα = Aαα . For the quadratic terms we obtain [10]
N −1
Aα0 A0α 
N
1
(A2α0 A20α  + A10 A20 A02 A01 )
− 2
N (N − 1)
1
A10 A20 A02 A01 .
A11 A22  ≈
N (N − 1)
(56)

A00 Aαα  ≈

1
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Fig. 7. (a) First SCRPA excitation energy for N = 20 and
1 = 0, 2 = 1, 3 = 1 + Δ versus log10 Δ (in arbitrary units).
(b) The ratio Y /X versus log10 Δ.

Evaluating the four body correlation functions with the
inversion (16) and the killing condition (3), one obtains a
set of linear equations for the two body correlation functions with diagonal A operators which can be solved. With
this, we get the solution of the SCRPA equations in the
deformed regime. In Figure 7a we show the energy of the
ﬁrst excited state as a function of Δ = 2 − 1 (in arbitrary
units). As already mentioned, in the limit Δ → 0 a zero
mode should appear. We see that there is a rapid decrease
of the ﬁrst excitation energy Ω1 to zero. Of course the
whole system of SCRPA equations is very sensitive to numerical accuracy. For instance the minimum of the ground
state energy at φ = φ0 is not easy to determine with high
accuracy which we estimate to be of order 10−3 . With this,
for Δ = 10−5 , we obtain an excitation energy of order
10−2 . It also is interesting to follow the values of the X, Y
amplitudes. In Figure 7b we show the evolution of their
ratio Y /X as it approaches one. At exactly zero excitation
energy the amplitudes would diverge. Here, they are still
of reasonable value, i.e. X ∼ Y ∼ 20. It is worth mentioning that even a very tiny inaccuracy in φ0 destabilises
the zero mode showing that it is absolutely neccessary to
work in the basis which fulﬁlls equation (18). The scenario
stays more or less the same, if instead of SCRPA the simpler r-RPA is applied (see Sect. 3). We think that this
is a very instructive example which clearly demonstrates
that SCRPA in the form presented here with all components included conserves all appreciated properties of
standard HF-RPA. To the best of our knowledge, we do
not know of any other method which with more or less
equal performances obtains the zero mode in a similarly
easy way. Even for this simple model the realisation of the
zero mode with the Φ derivable functional [7–9] would be
very combersome.
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7 A short outline of the equivalent Green’s
function description of the equation
of motion method
In condensed matter physics dealing with homogeneous
inﬁnite systems, one usually does not formulate the problems in the form of an eigenvalue equation. One rather
employs propagators or many body Green’s functions. Of
course, it is clear that every eigenvalue problem has a
corresponding formulation with Green’s functions but it
may be useful to give some more details on the ingredients of the present formalism. However, the Green’s function equivalent to the eigenvalue equation of SCRPA (10)
is, in a way, somewhat particular. As one may immediately realise, it cannot come from the familiar many time
Green’s function approach where, e.g., the two body propagator (and also its integral kernel) depends on four times
once one goes beyond the standard HF-RPA scheme. This
stems from the fact that in an eigenvalue problem only
one energy (the eigenvalue) is involved and then the corresponding integral equation for the Green’s function also
can involve only one energy, even in the integral kernel.
Though the formalism has been described in earlier publications, see, for instance, references [15,17], we feel that
it may be helpful for the reader to give a short outline of
the procedure. To this purpose, we write down the corresponding integral equation form of equation (14), that is
the Bethe-Salpeter equation
(ω −Ek1 +Ek2 )G̃kω1 k2 k3 k4
⎡
⎤

= N0,k1 k2⎣δk1 k3 δk2 k4 +
Sk1 k2 k3 k4⎦G̃kω3 k4 k3 k4 . (57)
k3 k4

Inserting the spectral representation for the Green’s
function
∗

χμ N μ χμ
G̃ ω =
(58)
ω − Ωμ + iηNμ
μ
where the sum goes over positive and negative values of μ
and Nμ = −N−μ , Ωμ = −Ω−μ , and taking the limit
ω → Ων , we obtain in comparing the singularities on left
and right hand sides, the eigenvalue equation (14).
In order to see how this scheme with the equation of
motion technique can go on and lead to an ω-dependent
term in the integral kernel of the Bethe-Salpeter equation,
we extend the operator (2) to include a two body term as
a ﬁrst extension, eventually higher order terms


χ̃αβ a†α aβ + X˜αβγδ a†α a†β aδ aγ + . . . .
Q̃†ν =
(59)
This leads to an extended eigenvalue problem involving
also the two body amplitudes X˜ . Eliminating the latter
from the coupled equations of one body and two body
amplitudes, one obtains an eﬀective equation for the χ̃
amplitudes with an eﬀective, energy dependent potential
containing implicitly the two body amplitudes. This effective potential can be qualiﬁed to correspond to the ω
dependent part of a two body self energy. This procedure

can formally be pushed up to the N-body amplitudes leading thus to an exact two body Dyson equation form, in
analogy to what is known from the single particle Green’s
function.
Let us shortly show how the same scheme can be obtained beginning directly with the Green’s function. We
start with the following chronological propagator


t−t

= −i0|TA1 (t)A+
G12
2 (t )|0,

(60)

with A(t) = eiHt A(0)e−iHt , T the time ordering operator
and
A1 = a†k1 ak1 ,

A†2 = a†k2 ak2

where a+ , a are fermion creation and destruction operators, respectively and the Green’s function in equation (60) is thus a density-density correlation function.
It is always understood that the indices ki comprise, as
before, momentum and spin and, eventually more quantum numbers, such as isospin, etc. We remark that in this
deﬁnition of the Green’s function we put pairs of fermion
operators on equal times so that the Green’s function depends only on one time diﬀerence at equilibrium. The G̃
Green’s function (58) is related to G of equation (60) in re
placing in the latter the A1 by Ã1 = a†k1 ak1 / Mk1 k1 , etc.
We now claim that for the two time Green’s function (60), one can write down in a well deﬁned way a
formally exact integral equation with an integral kernel
which also depends only on one time diﬀerence (or in energy space on one energy ω). We, thus, write
G ω = G0ω + G0ω Σ ω G ω ,

(61)

where it is understood that this is a matrix equation with
matrix multiplication of the various products. The lowest order Green’s function G0 is thereby given for, e.g., a
translationally invariant system as:
ω
=
G0,12

nk1 − nk1
δk k δk  k 
ω − Ek1 + Ek1 1 2 1 2

(62)

where nk = 0|a†k ak |0 are thesingle particle occupation
numbers and Ek = k 2 /(2m)+ k v̄kk kk nk are the mean
ﬁeld energies.
In principle, equation (61) may thus serve as a deﬁnition of the kernel Σ ω . It turns out that Σ ω is a well
deﬁned object for which expressions in terms of usual
correlation functions and Green’s functions can be given,
see, e.g., [17]. This kernel can be considered as some kind
of higher order self energy, here the self-energy of density ﬂuctuations. As the well known self-energy of the
single particle Green’s function, it splits into an instantaneous, energy independent part Σ 0 and an explicitly
energy dependent part Σ r (ω). It can be shown that Σ 0
is equivalent to the matrix S in equation (14) as this
is explained in reference [17]. Therefore (14) and (61)
are equivalent once Σ ω is replaced by its static part Σ 0 .
Mathematically, this can be seen quite straightforwardly
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Σ →
C

+

instantaneously, that is they do not propagate. Even, if
the correlation functions in Figure 8 are replaced by their
full expression, the graphs stay, as indicated in the ﬁgure,
instantaneous. This feature results from the minimisation
of the energy weighted sum rule as explained in Section 2.
Similar type of equations with integral-kernals depending only on one frequency are obtained from the
hypernetted chain equations, see reference [39].

8 Discussion and conclusions

+

C

Fig. 8. Schematic representation of the two body mean ﬁeld.
It consists of the direct interaction (full dot), the single particle
renormalisation due to two body correlations (C), and screening terms where a two body correlation is echanged between
the two lines. It should be mentioned that the two body renormalisations occur instantaneously as indicated when the time
runs from left to right. Also symmetric terms should be added
interchanging upper and lower lines. The tad-pole graphs are
supposed to be included in the single particle lines.

in applying the equation of motion to the propagator (60):
+ 
∂
G12 = δ(t − t )0|[A1 , A+
i ∂t
2 ]|0 − i0|T[A1 , H]t A2 (t )|0.
Applying now the equation of motion a second time to
the time t ﬁguring in the correlation function which appears on the r.h.s. of this equation, one realises that the
part which acts on the chronological operator T leads to
the double commutator also involved in S of equation (14)
and, consequently, in the instantaneous part of the self energy Σ 0 . The application of the time-derivative on t con
tained in A+
2 (t ) will lead to the energy dependent part of
the self-energy in equation (61). This brief outline should
only serve to give the reader a quick feeling how such
a somewhat unusual integral equation like (61) with an
integral kernel depending only on one energy can be obtained. For a more detailed outline, we refer the reader to
reference [17].
Concerning the practical solution of (57), it can be
seen from (14), that the static part only contains up to
two body correlation functions which can be calculated
from (57) and, thus, a selfconsistent cycle is established.
As just explained, the dynamic, explicitly energy dependent part contains the coupling to higher conﬁgurations
involving four body propagators. Their inclusion leads in
some approximation to what is known in the equation of
motion method as the second RPA equations.
It may be worth mentioning that a perturbative analysis of Σ in equation (61) shows that the terms are not
equivalent to Feynman diagrams. Nevertheless, one can
present the various terms in Σ 0 (or equivalently in S of
Eq. (14)) by the graphs shown in Figure 8. If in this ﬁgure
the two body correlation functions are replaced by the interaction, the standard second order perturbation graphs
emerge with, however, the particularity that they occur

In this work we summarized some results obtained with
SCRPA. With respect to earlier publications, we elaborated on a particular aspect of the Self-Consistent RPA
(SCRPA) approach for cases with a continuously broken
symmetry which concerns the appearance of a Goldstone
(zero) mode and the fulﬁllment of the energy weighted
sum-rule. This SCRPA sums up correlations beyond standard RPA and it is, a priori, not evident that the desirable
properties of standard RPA such as being a conserving approximation implying fulﬁllment of energy weighted sum
rule and appearance of Goldstone (zero) modes are maintained. In fact it is known that maintaining these properties in beyond standard RPA approaches is particularly
diﬃcult and a strongly debated subject in the literature,
see e.g. [40] for a recent publication. We demonstrate in
this work, theoretically and, for a model case, numerically
that, indeed, SCRPA maintains all those desirable properties for practically all situations of spontaneously broken
symmetries with the symmetry operator being of the one
body type. An exception occurs for pairing in ﬁnite systems because in the symmetry operator (the number operator) appears a Hermitian piece which cannot be incorporated in the SCRPA formalism. However, in homogeneous
inﬁnite systems, this again causes no essential problem.
Another important quality of standard RPA concerns electromagnetic gauge invariance. This was not the subject of
this work, however, let us shortly discuss how SCRPA is
coping with this issue. For example, in an instructive paper by Feldman and Fulton [41], it is demonstrated in
transparent terms how standard RPA fulﬁls gauge invariance. This property is also maintained with SCRPA. The
extra terms containing the two body correlation functions
in equation (14) cancel in the limit where the two open
legs are put on the same spot in position space. Actually,
gauge invarince of standard RPA as well as SCRPA can
easily be veriﬁed from (11, 12). If in these equations the
operator δQαβ is transformed into r-space and the diagonal element is taken, as demanded to show gauge invariance (see Ref. [41], Eq. (3.69)), we immediately realise that
this diagonal operator commutes with the remainder (also
written in r-space), once the Hamiltonian H is replaced
by its interaction part V , that is, the Coulomb interaction.
Therefore, gauge invariance is fulﬁlled. This argument is
valid discarding spin but, as shown in reference [41], this
does not invalidate the general proof. These considerations
also entail that the so-called ‘velocity-length’ equivalence
in the dipole transition is preserved [41].
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We outlined the SCRPA equations ﬁrst as an eigenvalue problem but also showed how the equivalent
Green’s function approach can be formulated. The SCRPA
equations are selfconsistent two body equations of the
Schrödinger type obtained variationally from the minimisation of the energy weighted sum-rule which should be
amenable to numerical treatment for realistic problems.
In the model cases treated here and in other earlier publications, the results are generally of very good quality
improving substantially over standard RPA for instance
in the vicinity of a phase transition point.
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17. J. Dukelsky, G. Röpke, P. Schuck, Nucl. Phys. A 628, 17
(1998)
18. M. Jemai, D.S. Delion, P. Schuck, Phys. Rev. C 88, 044004
(2013)
19. J.P. Blaizot, G. Ripka, Quantum Theory of Finite Systems
(MIT Press, Cambridge, 1986)
20. J. Goldstone, Nuovo Cimento 19, 154 (1961)
21. W. Kohn, Phys. Rev. 123, 1242 (1961)
22. J. Reidl, G. Bene, R. Graham, P. Szépfalusy, Phys. Rev. A
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